We present the first example of a grand unified theory (GUT) with a modular symmetry interpreted as a family symmetry. The theory is based on supersymmetric SU (5) in 6d, where the two extra dimensions are compactified on a T 2 /Z 2 orbifold, with a twist angle of ω = e i2π/3 . Such constructions suggest an underlying modular A 4 symmetry with fixed modulus τ = ω = e i2π/3 . The fields on the branes respect a generalised CP and flavour symmetry A 4 Z 2 which leads to an effective µ − τ reflection symmetry at low energies, implying maximal atmospheric mixing and maximal leptonic CP violation. We construct an explicit model along these lines with two triplet flavons in the bulk, whose vacuum alignments are determined by orbifold boundary conditions, analogous to those used for SU (5) breaking with doublet-triplet splitting. There are two right-handed neutrinos on the branes whose Yukawa couplings are determined by modular weights. The charged lepton and down-type quarks have diagonal and hierarchical Yukawa matrices, with quark mixing due to a hierarchical up-quark Yukawa matrix with high modular weight to provide quark CP violation.
Introduction
The flavour puzzle, the question of the origin of the three families of quarks and leptons together with their curious pattern of masses and mixings, remains one of the most important unresolved problems of the Standard Model (SM). Following the discovery of neutrino mass and mixing, whose origin is fundamentally unknown, there are now almost 30 undetermined parameters in the SM, far too many for any complete theory. The lepton sector in particular involves large mixing angles that suggest an explanation in terms of discrete non-Abelian family symmetry [1, 2] . Furthermore, such discrete non-Abelian family symmetries have been combined with Grand Unified Theories (GUTs) in order to provide a complete description of all quark and lepton (including neutrino) masses and mixings [3] .
It is well known that orbifold GUTs in extra dimensions (ED) can provide an elegant explanation of GUT breaking and Higgs doublet-triplet spitting [4] . Similarly, theories involving GUTs and flavour symmetries have been formulated in ED [5] [6] [7] [8] [9] [10] [11] . These EDs can help to understand the origin of the discrete non-Abelian group symmetry such as A 4 and S 4 which may be identified as a remnant symmetry of the extended Poincaré group after orbifolding. Some time ago it was suggested that modular symmetry, when interpreted as a family symmetry, might help to provide a possible explanation for the neutrino mass matrices [12, 13] . Recently it has been suggested that neutrino masses might be modular forms [14] , with constraints on the Yukawa couplings. This has led to a revival of the idea that modular symmetries are symmetries of the extra dimensional spacetime with Yukawa couplings determined by their modular weights [15] . However to date, no attempt has been made to combine this idea with orbifold GUTs in order to provide a unified framework for quark and lepton masses and mixings.
In this paper we present the first example in the literature of a grand unified theory (GUT) with a modular symmetry interpreted as a family symmetry. The theory is based on supersymmetric SU (5) in 6d, where the two extra dimensions are compactified on a T 2 /Z 2 orbifold, with a twist angle of ω = e i2π/3 . Such constructions suggest an underlying modular A 4 symmetry with fixed modulus τ = ω = e i2π/3 . This is one of the main differences of the present paper as compared to recent works with modular symmetries which regard the modulus τ as a free phenomenological parameter [14, 15] . We construct a detailed model along these lines where the fields on the branes are assumed to respect a generalised CP symmetry A 4 Z 2 which leads to an effective µ−τ reflection symmetry at low energies, implying maximal atmospheric mixing and maximal leptonic CP violation. The model introduces two triplet flavons in the bulk, whose vacuum alignments are determined by orbifold boundary conditions, analogous to those used for SU (5) breaking with doublet-triplet splitting. There are also two right-handed neutrinos on the branes whose Yukawa couplings are determined by modular weights. The charged lepton and down-type quarks have diagonal and hierarchical Yukawa matrices, with quark mixing due to a hierarchical up-quark Yukawa matrix with high modular weight to provide quark CP violation.
The remainder of the paper is organised as follows. In section 2 we introduce the T 2 /Z 2 orbifold, with a twist angle of ω = e i2π/3 and discuss the associated symmetries, including A 4 modular symmetry and the enhanced A 4 Z 2 on the branes. In section 3 we present the field content of the SU (5) GUT with A 4 modular symmetry, including the Yukawa sector and the specific structure for the effective alignments that the Modular Symmetry can generate, resulting in the low energy form of the SM fermion mass matrices which we show can lead to a very good and predictive fit to the observables. Finally in section 4 we present our conclusions. In order to make the paper self contained, some necessary background information is included in the Appendices. We supplement the general A 4 group theory in Appendix A, the consistency conditions for generalised CP symmetry consistent with A 4 in Appendix B, a discussion of general modular symmetry in Appendix C and the general theory for modular forms in Appendix D. Finally we show sample fits of the observed data in Appendix E.
Orbifolding and Symmetries
We assume a 6d model in which the extra dimensional spacetime is the orbifold T 2 /Z 2 with twist ω = e i2π/3 . The two extra dimensions are parametrized by two coordinates x 5 and x 6 which we combine into the complex redimensioned coordinate z = x 5 + ix 6 . The orbifold T 2 /Z 2 corresponds to the identification
where the first two equations are the periodic conditions from the torus T 2 and the third one is the action generated by the orbifolding symmetry Z 2 . The twist corresponds to ω = e i2π/3 . The orbifold symmetry transformations leave 4 invariant 4d branes shown in figure 1z
The spacetime transformations
permute the branes and leave invariant the set of 4 branes. These transformations satisfy
where the first line is the presentation of the group A 4 and both lines complete the presentation of S 4 [1] . In Figure 1 we show how these transformations act on the ED space and how the A 4 symmetry is realized.
(a) The extra dimensional space. Opposite sides are identified to form a torus. The orbifolding Z 2 identifies both equilateral triangles. These are the identifications in Eq. 1.
(b) The effective extra dimensional space T 2 /(Z 2 ). This is the whole bulk. The four invariant branes z 1, 2, 3, 4 are shown.
(c) The four branes are permuted by the symmetries S, T, U from Eq. 3. The transformations S, U identify the sides a, b, c while T rotates everything by identifying sides d.
(d) By actually folding to identify sides a, b, c we obtain a tetrahedron, whose vertices are related by the symmetry group A 4 . The orbifolding leaves 4 invariant branes, and this specific orbifold structure leaves them related by a remnant A 4 or S 4 symmetry. Any field fixed on the branes shall respect this remnant symmetry. Usually one imposes the bulk fields to follow the spacetime symmetry transformations in eq. 3, so that this symmetry becomes the flavor symmetry of the model [6] [7] [8] . For example, this approach has been followed for A 4 or S 4 combined with SU (5) Grand Unified Theories (GUTs) in 6d or 8d [3, [9] [10] [11] .
A 4 modular symmetry
The general T 2 /Z 2 orbifold has 4 invariant 4d branes 4
The theory is invariant under the modular transformations
on the lattice vectors (ω 1 , ω 2 ) T . These transform the re-scaled basis vectors as
The invariant branes become, in terms of the new lattice vectors, after a basis transformation,z = 0,
Clearly the branes also satisfy the modular symmetry in general.
Turning back to our specific model, we have ω 1 = 1, ω 2 = ω = e i2π/3 , so that no re-scaling of the basis vectors is necessary. The invariant branes in our model are, in terms of the original lattice vectors,z = 0,
If we apply the S, T transformations as in Eq. 8, and using the invariance conditions in Eq. 5, we may see that the set of branes in our model is indeed invariant under the modular transformations generated by S, T . This suggests that we promote our residual symmetry of the branes to a full A 4 modular symmetry of the entire theory, as follows.
From the matrix form of S, T in Eq. 7 we can obtain the relations
which is the presentation of the group they generate to be
where S, T ∈ SL(2, Z 3 ). So that the entire theory (including the branes) is invariant under the discrete modular group Γ(3) A 4 .
The above argument suggests that the entire theory, including fields on the branes as well as in the bulk, must respect an Γ(3) A 4 modular symmetry, with fixed modulus τ = ω = e i2π/3 . We emphasize that this is one of the main differences of the present paper as compared to recent works with modular symmetries which regard the modulus τ as a free phenomenological parameter [14, 15] . In our work, we assume a specific orbifold structure which fixes the angle τ = ω = e i2π/3 from the outset, although we shall not address the problem of moduli stabilisation.
Enhanced A 4 Z 2 symmetry of the branes
We have shown that we can interpret the remnant A 4 symmetry of the branes as a modular symmetry. We know from the beginning of this section that the full symmetry of the branes is S 4 , however we can't interpret it as a modular symmetry. We can see from eq. 3 that the extra transformation U involves complex conjugation of the complex coordinate which would involve the loss of holomorphicity. Furthermore, the discrete modular group S 4 Γ(4) ⊂ SL(2, Z 4 ), would not leave invariant the branes when τ = ω.
The symmetry generated by U from eq. 3 is a remnant symmetry of the orbifolding process, but it can't be interpreted as a modular transformation. We conclude that the remnant symmetry of the branes is Γ(3) Z 2 A 4 Z 2 . The Z 2 symmetry is generated by C · U where U is the usual matrix representation of the generator from S 4 and C stands for complex conjugation of the complex coordinate, which is equivalent to a change of sign in x 6 , i.e. the parity transformation of the 6 th dimension P 6 . The Z 2 is not a modular symmetry while the A 4 is. The product of both symmetries is not direct since the generator U does not commute with all A 4 generator and is reminiscent of the corresponding S 4 generator.
We aim to build a model based on the modular symmetry, so we will impose the modular symmetry A 4 on the bulk. However we must still comply with the symmetry Z 2 on the branes. We will use the representation detailed in the Appendix A.
The 4 branes transform under the A 4 modular symmetry and we choose the embedding of the representation 4 → 3 + 1 so that the fields in the branes can only transform under those irreducible representations [11] .
The A 4 modular symmetry will require the Yukawa couplings to be specific modular forms. The Z 2 symmetry will further restrict the possible mass matrix structure so that the theory has strong predictions for leptons [17] . As we shall see later, the up quarks will lie in different A 4 singlets with modular weight zero, so that only the subgroup Z 3 is remnant while the Z 2 behaves trivially. This forces stringent relations for the lepton mass matrices but not for the quarks.
After compactification, the Z 2 behaves like a generalized CP symmetry where the transformations C, P 1 , ..., P 5 are trivial whileP 6 = P 6 U , where P 6 is the trivial parity transformation, while the U is a family transformation [18] . Although this is not a usual generalized CP symmetry. There is no C transformation involved, only P 6 . However, after compactification this symmetry appears as an effective generalized CP symmetry. As stated before, this effective symmetry transformations only affects non trivially on the brane fields and the fields on the bulk are unaffected.
Since the remnant Z 2 symmetry on the branes behaves as an effective generalized CP transformation, we must check its compatibility with the A 4 flavour symmetry. This is done in Appendix B. Table 5 and Eq. 38.
Field Representation
A 4 Z 2 SU (5) U (1) F 3 5 a + 2c N c s 1 1 a N c a 1 1 4a ξ 1 1 −2a
Field
Representation Localization Table 2 : Fields on the bulk used in constructing the model, including matter, Higgs and flavon superfields. A working set of charges is {a, b, c} = {2, 0, 1}. The complete theory must also contain three T i , being the complex conjugate representation of T i so that it is anomaly free.
3 SU (5) GUT with A 4 modular symmetry
The model
In this section we construct a supersymmetric SU (5) GUT model on a 6d orbifold T 2 /Z 2 with twist ω = e i2π/3 , with an A 4 modular symmetry as a flavour symmetry, extended by the Z 2 symmetry on the branes. Furthermore we impose a global U (1) as a shaping symmetry. We impose different boundary conditions at each invariant brane. These conditions break the original symmetry into the MSSM.
All the fields in the bulk ψ will transform under the modular transformations
where ρ is the usual matrix representation of the corresponding A 4 transformation. Each field has an arbitrary weight −k. The fields are not modular forms and can have any weight k i . The superfields that are located on the brane do not depend on the extra dimensions and therefore they must have weight zero [14] .
The whole field content is listed in Tables 1 and 2. The fields that do not have weight nor parity under the boundary conditions are located on the branes and feel the symmetry A 4 Z 2 , see table 1. The transformations of the fields under this symmetry are discussed in Appendix A. However the 3 representations on the brane transform under A 4 Z 2 as shown in Table 5 and Eq. 38.
The field F contains the MSSM fields L and d R and are a flavour triplet. It is located on the origin brane. The fields T ± i contain the MSSM u R , e R , Q, they are 3 flavour singlets. There are two copies of each T with different parities under the boundary conditions, as we shall see in the next section, this allows different masses for down quarks and charged leptons. There are only two right handed neutrinos N c a,s . The MSSM Higgs fields h u,d are inside the H 5,5 respectively. We have two flavons φ 1,2 that help to give structure to the fermion masses. Finally, the field ξ generates the hierarchy between the massesà la Froggat-Nielsen [19] .
GUT and flavour breaking by orbifolding
The Z 2 boundary conditions Pz at each branez, are chosen to be
where
The condition P 0 breaks the effective extended N = 2 → N = 1 SUSY. The conditions P 1/2,ω/2 break A 4 completely and SU (5) 
The fields F, N c a,s , ξ lie on the brane and are unaffected by the boundary conditions. The fields T ± are A 4 singlets and do not feel the A 4 breaking conditions. They have different parities and feel the SU (5) breaking condition. The fields T + only contain the light MSSM u R , e R fields, while T − only contains the field Q. This allows for independent masses for charged leptons and down quarks since they come from different fields. The Higgs fields feel the SU (5) breaking condition leaving only the light doublets, solving the doublet triplet splitting problem [7] (for a recent discussion see for example [11] ).
The flavons φ 1,2 feel the A 4 breaking conditions. They have different parities under the conditions and this fixes their alignments to be
We may remark that these flavon VEV alignments do not break the Z 2 symmetry generated by U , even though they are in the bulk.
We see that the orbifolding breaks the symmetry SU (5) 
while solving the doublet triplet splitting, separating charged lepton and down quark masses and completely aligning flavon VEVs.
We do not show an explicit driving mechanism for the VEVs v 1,2,ξ .We assume that they are driven radiatively [20] .
Yukawa structure
In 6d, the superpotential has dimension 5 while each superfield has dimension 2. A 6d interacting superpotential is inherently nonrenormalizable. We work with the effective 4d superpotential, which happens after compactification. We assume the compactification is close enough to the original cutoff scale Λ.
With the fields in tables 1 and 2, we can write the effective 4d Yukawa terms
where i, j = 1, 2, 3. Due to the stringent U (1) shaping symmetry, there are no higher order terms. The field ξ has a VEV and generates hierarchies between familiesà la Froggat-Nielsen [19] .
The first line in Eq. 17 gives the two right handed (RH) neutrino Majorana masses without any mixing. The fields in both terms have zero weight so the modular symmetry does not add anything new. The second line generate Dirac neutrino masses. They have non trivial weights and their structure will be discussed in section 3.4. The third line gives masses to charged leptons. They are all weight zero automatically and the mass matrix is diagonal. The fourth line generates a diagonal down quark mass matrix. Since it involves a different field (T − instead of T + ) the coupling constants are independent. Finally the fifth line gives masses to the up quarks. It is a general non symmetric mass matrix with real entries. Since the fields in these terms have a non trivial weight but the T ± are singlets, the modular symmetry does not change the matrix structure. We remark that the top quark mass term is renormalizable.
At the GUT level, the µ term is forbidden, so it should be generated by another mechanism at a much smaller scale [21] .
Effective alignments from modular forms
In Eq. 17 we have a few terms involving non trivial weights under the modular symmetry. This implies that the couplings y ν s , y ν a , y u ij ,
are modular forms with a positive even weight [22] . They involve the Dedekind η function and its exact form can be found in the Appendix D.
The modular forms are functions of lattice basis vector parameter τ from Eq. 41. Usually this parameter is chosen to give a good fit to the flavour parameters. In our case, the specific orbifold our model is set to fix
and the modular form structure is fixed up to a real constant.
The modular form y ν s must be a triplet under A 4 to construct an invariant singlet with the triplet field F . Furthermore, it has weight α to compensate the overall weight of the corresponding term. We show the effective triplet alignments it can have in table 3 for different weights α. The possibilities are very limited since many modular forms vanish when τ = ω, as shown in Appendix D. Larger weight modular forms repeat the same structure so that this table is exhaustive, as discussed in appendix D. The modular form y ν a must have weight β. It multiplies the flavon φ 2 , so that they must be contracted into a triplet (y ν a φ 2 ) 3 which will generate the effective alignment. In the case of y ν a being a singlet under A 4 , the effective alignment is simply given the flavon VEV φ 2 in Eq. 16, which was fixed by the orbifold boundary conditions. When y ν a is a triplet under A 4 , it must be contracted with φ 2 as shown in Appendix A, 3 × 3 → 1 + 1 + 1 + 3 a +3 s . This gives different possible products for the effective triplet. The actual effective alignment is an arbitrary linear combination of all possibilities and can be found in table 4. For β = 0 the only modular form is a singlet, so the only triplet that can be built is φ 2 . For β = 2, the only modular form is the triplet Y 
3,2 , so that the actual alignment comes from the linear combination of By choosing the weights α, β, the structure of the neutrino mass matrix is completely defined. The y's correspond to modular forms of weight zero, which are in general complex numbers to be fitted to the observed data.
We have obtained all the possible A 4 invariant modular forms. However we have to comply with the extended symmetry A 4 Z 2 . The U generator only transforms non trivially the triplet field F which is contracted to a triplet modular form. An U transformation of the field F can be reabsorbed by transforming the modular form by
where the C stands for complex conjugation. Invariant terms under the full symmetry must involve modular forms that are also invariant under the Z 2 transformation. From table 3, the only invariant case is when α = 6 with a real y. From table 4, the only invariant cases happen when β = 0 with real y 1 or β = 6 with y 1,2 real and y 3 imaginary.
The triplet field F is not only taking part in the Dirac neutrino mass terms but also in the down quark and charged leptons mass terms, therefore they also must be invariant under the enhanced symmetry A 4 Z 2 . In this case, the field F is contracted with the flavon field φ 1 and it is easy to check that the transformation in Eq. 20 leaves the VEV invariant when real and therefore the charged lepton and down quark mass terms when the parameters y d i and y e i involved are real.
Finally, the modular form y u ij must have weight α +2γ to build an invariant. All the fields in the corresponding terms are singlets, so these modular forms must be singlets also and won't change the structure. Depending on i, j, the modular form y u ij must be a different type of singlet. The weight α + 2γ has to be large enough so that the space contains the three types of singlets. This modular form does not add anything to the structure of the up quark matrix but allows to build the A 4 invariants for all T i T j combinations. The smallest weight that allows modular forms of all 3 types of singlets is 20, as discussed in appendix D. These modular forms y u ij are in general complex.
We conclude that the smallest phenomenologically viable choice for weights is
Mass matrix structure
We are now able to express the mass matrices following Eq. 17 and the effective alignments given in Sec. 3.4 . First, we define the dimensionless parameters
where Λ is the original cutoff scale. The down quark and charged lepton mass matrices are diagonal 
while the up quark mass matrix can be written as 
where the parameters y d i and y d i are real due to the enhanced symmetry on the branes A 4 Z 2 while y u ij are in general complex.
The down quark and charged lepton mass matrices in Eq. 23 are diagonal so the fit to the observed masses is straightforward. The hierarchy between the masses of the different families is understood through the powers ofξ and can be achieved assuming the dimensionless couplings to be of order O(1). All the contributions to quark mixing is coming from the up sector. The complex parameters in the up-type mass matrix, see Eq. 24, fix the up, charm and top quark masses as well as the observed CKM mixing angles. We can obtain a perfect fit for weight γ = 7.
The form of the Dirac neutrino mass matrix depends on the weights α and β. All the possible alignments are given in Tab. 3 and 4, The Z 2 symmetry restricts ourselves to the case α = 6 and β = 0 or β = 6. In the case of β = 0, we only have two free parameters {y, y 1 } and we can not find a good fit. Therefore, the only phenomenologically viable case is for α = β = 6 and we restrict ourselves to this case in the following.
As shown in the Appendix A, we have to take into account the Clebsch-Gordan coefficients when contracting the modular form (y ν s F ) 1 and (y ν a φ 2 F ) 1 into singlets, i.e. 3 × 3 → 1, given by
after which the effective alignments for α = 6 and β = 6 look like
respectively. The Dirac neutrino mass matrix is then given by
The RH neutrino Majorana mass matrix is diagonal
with hierarchical RH neutrino masses given by the different powers of the field ξ. Furthermore, we have very heavy RH neutrino Majorana masses such that the left handed neutrinos get a very small Majorana mass through type I seesaw [23] 
The neutrino mass matrix looks like
where α 6 and β 6 are the alignments defined in Eq. 26. The effective parameters at low energy are {y, y 1 , y 2 , y 3 }, previously defined in Tab. 3 and 4. The Z 2 symmetry fixes the parameters {y, y 1 , y 2 } to be real while y 3 is purely imaginary.
Finally we remark that this structure, with the expected hierarchy between the RH neutrinos can give the correct Baryon Asymmetry of the Universe (BAU) through Leptogenesis naturally. Leptogenesis is achieved through the CP violation in the neutrino Dirac mass matrix. The correct order of the BAU happens when the RH neutrino masses are M 1 ∼ 10 10 GeV and M 2 ∼ 10 13 GeV [24] . In this model, these are the natural expected masses as we can see from Eq. 28 and the sample fit in the Appendix E. The contributions from the entries of the neutrino Dirac mass matrix and the expected BAU will fix the precise value of M 1 . We conclude that the CP violation in the neutrino sector and the RH neutrino mass hierarchy of the model ensures us that the BAU can be generated naturally [11] .
µ − τ reflection symmetry
The neutrino mass matrix in Eq. 30 is µ − τ reflection symmetric (µτ -R symmetric). This corresponds to the interchange symmetry between the muon neutrino ν µ and the tau neutrino ν τ combined with CP symmetry, namely
where the star superscript denotes the charge conjugation of the neutrino field. This can be easily seen from the alignments in Eq. 26 which construct the neutrino mass matrix in Eq. 30. The Z 2 symmetry fixes the parameters {y, y 1 , y 2 } to be real while y 3 is purely imaginary, therefore the transformation in Eq. 31 leaves the alignments invariant and accordingly the neutrino mass matrix. For a review of µτ symmetry see e.g. [25] and references therein, also see the recent discussion [26] .
It is known that having a neutrino mass matrix µτ -R symmetric in the flavour basis (which is our case) is equivalent to µ − τ universal (µτ -U) mixing in the PMNS matrix, see Ref. [27] . The consequences of having µ − τ symmetry is that it leads to having non zero reactor angle, θ 13 , together with maximal atmospheric mixing angle and maximal Dirac CP phase:
We remark that this is a prediction of the model consequence of having A 4 Z 2 symmetry on the branes.
The parameters {y, y 1 , y 2 , y 3 } in the neutrino mass matrix 30 will fit the rest of the PMNS observables, namely {θ l 12 , θ l 13 , ∆m 2 21 , ∆m 2 31 } together with the prediction of the µ − τ symmetry, θ 23 = 45 • and δ l = −90 • . The contribution to a χ 2 test function comes only from these predictions and we use the recent global fit values of neutrino data from NuFit4.0 [28] . The best fit points together with the 1σ ranges are θ 23 / • = 49.6 +1.0 −1.2 and δ l / • = 215 +40 −29 for normal mass ordering. However, the distribution of these two observables are far from Gaussian and the predictions of having maximal atmospheric mixing angle θ 23 = 45 • and maximal CP violation δ l = −90 • , still lie inside the 3σ region with a χ 2 = 5.48. We show two numerical fits in Appendix E, although this is only an example as we can find a good fit for a large range of parameters y, y 1 , y 2 and y 3 5 . This is because the predictions of the model θ 23 = 45 • and δ l = −90 • are due to the µτ -R symmetry and the 4 free parameters are used to fit the rest of the observables in the PMNS matrix.
The best fit from NuFit4.0 is for normal mass ordering with inverted ordering being disfavoured with a ∆χ 2 = 4.7(9.3) without (with) the Super-Kamiokande atmospheric neutrino data analysis. We tried a fit to inverted mass ordering and the χ 2 test function goes up to χ 2 ∼ 6800. Therefore, the model predicts normal mass ordering together, maximal atmospheric mixing and CP violation and a massless neutrino m 1 = 0 since we are only adding 2 RH neutrinos.
Conclusions
In this paper we have presented the first example in the literature of a GUT with a modular symmetry interpreted as a family symmetry. The theory is based on supersymmetric SU (5) in 6d, where the two extra dimensions are compactified on a T 2 /Z 2 orbifold, with a twist angle of ω = e i2π/3 . Such constructions suggest an underlying modular A 4 Γ (3) symmetry with fixed modulus τ = ω = e i2π/3 . We emphasize that this is one of the main differences of the present paper as compared to recent works with modular symmetries which regard the modulus τ as a free phenomenological parameter [14, 15] . By contrast, in the present paper we assume a specific orbifold structure which fixes the angle τ = ω = e i2π/3 from the outset, although we have not addressed the problem of moduli stabilisation.
We have shown that it is possible to construct a consistent model along these lines, which successfully combines an SU (5) GUT group with the A 4 modular symmetry. In this model the F fields on the branes are assumed to respect an enhanced symmetry A 4 Z 2 which leads to an effective µ − τ reflection symmetry at low energies, which predicts maximal atmospheric angle and maximal CP phase. In addition there are two right-handed neutrinos on the branes whose Yukawa couplings are determined by modular weights, leading to specific alignments which fixes the Dirac mass matrix. The model also introduces two triplet flavons in the bulk, whose vacuum alignments are determined by orbifold boundary conditions, analogous to those responsible for Higgs doublet-triplet splitting. The charged lepton and down-type quarks have diagonal and hierarchical Yukawa matrices, with quark mixing due to a hierarchical up-quark Yukawa matrix with sufficiently high modular weight to provide quark CP violation.
The resulting model, summarised in Tables 1 and 2 , provides an economical and successful description of quark and lepton (including neutrino) masses and mixing angles and CP phases. Indeed the quarks can be fit perfectly, consistently with SU (5), using only O(1) parameters. In addition we obtain a very good fit for the lepton observables with χ 2 ≈ 5, using 4 O(1) parameters which determine the entire lepton mixing matrix U P M N S and the light neutrino masses (8 observables) , which implies that that the theory is quite predictive. The main predictions of the model are a normal neutrino mass hierarchy with a massless neutrino, and the µ − τ reflection symmetry predictions θ l 23 = 45 • and CP phase δ l = −90 • , which will be tested soon.
A Group theory
A 4 is the even permutation group of four objects, which is isomorphic to the symmetry group of a regular tetrahedron. It has 12 elements that can be generated by two generators, S and T , with the presentation
A 4 has four inequivalent irreducible representations: three singlet 1, 1 , 1 and one triplet 3, representations. We choose to work with the same complex basis as [14] and the representation matrices of the generators are shown in table 5 . The product of two triplets ϕ = (ϕ 1 , ϕ 2 , ϕ 3 ) and ψ = (ψ 1 , ψ 2 , ψ 3 ), decomposes as 3 × 3 = 1 + 1 + 1 + 3 s + 3 a , where 3 s,a denote the symmetric or antisymmetric product. The component decomposition of the products are shown in Table 6 .
Component decomposition 
where mC k n refers to the Schoenflies notation where m is the number of elements of rotations by an angle 2πk/n.
B Generalised CP consistency conditions for A 4
Here, we check the compatibility of the Z 2 symmetry on the branes with the A 4 flavour symmetry. The remnant Z 2 symmetry behaves as an effective generalized CP transformation and the fields on the branes will transform under Z 2 as
where x = (t, x 1 , x 2 , x 3 , x 5 , −x 6 ) and X r is the representation matrix in the irreducible representation r. To combine the flavour symmetry A 4 with the Z 2 symmetry, the transformations have to satisfy certain consistency conditions [16] , which were specifically applied to A 4 flavour symmetry in [17] . These conditions assure that if we perform a Z 2 transformation, then apply a family symmetry transformation, and finally an inverse Z 2 transformation is followed, the resulting net transformation should be equivalent to a family symmetry transformation. It is sufficient to only impose the consistency conditions on the group generators:
where ρ r denotes the representation matrix for the generators S and T , see table. 5. As shown in [17] , S and T can only belong to certain conjugacy classes of A 4
(see Eq. 34 to find out the elements in each conjugacy class). The transformations under the generalised CP symmetry Z 2 are then:
which are consistent with Eqs. 36 and 37 for S = S and T = T . However in the model under consideration, we do not have any field on the branes transforming under the 1 and 1 representation. Thus the Z 2 transformation only affects the 3 representations.
We conclude that the 3 representations on the brane transform under A 4 Z 2 as shown in Table 5 and Eq. 38.
C Modular Transformations
In this subsection we present the general theory of Modular Transformations. The structure of the extra dimensional torus is defined by the structure of the lattice by
where ω 1,2 are the lattice basis vectors. The lattice is left invariant under a change in lattice basis vectors described by the general transformations
with ad − bc = 1, and a, b, c, d ∈ Z.
(40)
These are called modular transformations and form the modular group Γ [14] . Without loss of generality, the lattice vectors may be re-scaled as,
and then the transformations on the re-scaled basis vectors which leave the lattice invariant are given by
This is also called the modular groupΓ satisfyingΓ = Γ/{±1}. The infinite dimensional modular group is generated by
with the presentation Γ {S,
where S, T ∈ SL(2, Z).
We will be considering the finite dimensional Principal Congruence discrete subgroups, by imposing an additional constraint on T N , where N is a positive integer,
where S, T ∈ SL(2, Z N ). The small ones are related to the known discrete groups as Γ(2) S 3 , Γ(3) A 4 , Γ(4) S 4 , Γ(5) A 5 [14] .
In model building, the difference between the usual cited discrete symmetries, which arise as remnant symmetries of the branes, and the modular symmetries of the spacetime lattice is that, in the latter case, the fields transform, under a transformation of τ ,
where ρ is the usual matrix representation of the transformation and k is called the weight and is an arbitrary number. The invariance of the action, forces the usual dimensionless coupling in the superpotential y to behave as [29] y → (cτ + d) ky ρ y y,
where k y is the weight and must be an even integer [22] and ρ y the usual matrix representation of the transformation. To build the invariant, we need to satisfy two conditions, first the weight k y has to cancel the overall weights of the fields and second the product of ρ y times the representation matrices of the fields has to contain an invariant singlet. When k = 0 for every constant, we have the usual discrete symmetry.
D Modular Forms
In this section, we show the construction of modular forms for Γ(3) A 4 following [14] .
The weight 0 form is just a constant, singlet under A 4 .
The first non trivial modular form is of weight 2 that following Eq. 42 transform as
The only modular forms of weight 2 behave as a triplet Y and can be written as
where the η(τ ) denotes the Dedekind function
There are no weight 2 singlets. In our model, the modulus field is fixed by the orbifold to be τ = ω. In this case, up to an overall coefficient, we have
and the triplet for weight 2 is
Higher weight modular forms can be written in terms of the weight 2 forms by taking products of them. The weight 4 modular forms are written as
where the subscript corresponds to the representation under A 4 . In our model, the modulus field is fixed by the orbifold to be τ = ω. In this case, the only non-zero weight 4 modular forms are Y
The weight 6 modular forms are written as
Due to relations of the Dedekind functions, the modular forms satisfy
which reduce the number of possible modular forms. In our case
which reduces even further the possible modular forms. The only triplet that is different from zero in Eq. 55 is Y
3,2 | τ =ω = (−1, 2ω 2 , 2ω)
All modular forms are built from products of the weight 2 triplet. We can build the modular forms for weight 8. Following [14] , this is a 15 dimensional space that must be decomposed as 2 × 1 + 2 × 1 + 2 × 1 + 3 × 3. For simplicity we can work out only the specific case where τ = ω. This case is greatly restricted and can be checked by doing all possible multiplications of 3 × 3 × 3 × 3 that the only non zero modular forms are
where we can see that the triplet has the same structure as the weight 2 one. From this we conclude that any higher weight triplet would only repeat the previous structures without having any new one.
For weight 10 we would have the same triplet as in weight 4 but two singlets since we can have the non trivial products
so that this is the first space that has two singlets. The next space that has the three singlets is built from powers if these singlets, so the modular form must have weight 20. Table 7 : Model predictions in the neutrino sector for weights α = β = 6. The neutrino masses m i as well as the Majorana phases are pure predictions of our model. We also predict maximal atmospheric mixing angle θ l 23 = 45 • and maximal CP phase δ l = 270 • . The bound on m i is taken from [30] . The bound on m ee is taken from [31] .
E Numerical Fit
We perform a χ 2 test function when fitting the effective neutrino mass matrix in Eq. 30 with input parameters x = y, y 1 , y 2 , y 3 , from which we obtain a set of observables P n (x). We minimize the function defined as
where the observables are given by P obs n ∈ {θ l 12 , θ l 13 , θ l 23 , δ l , ∆m 2 21 , ∆m 2 31 } with statistical errors σ n . We use the recent global fit values of neutrino data from NuFit4.0 [28] . Most of the observables follow an almost Gaussian distribution and we take a conservative approach using the smaller of the given uncertainties in our computations except for θ l 23 and δ l . The best fit from NuFit4.0 is for normal mass ordering with inverted ordering being disfavoured with a ∆χ 2 = 4.7(9.3) without (with) the Super-Kamiokande atmospheric neutrino data analysis. We tried a fit to inverted mass ordering and we found a χ 2 ∼ 6800, therefore in the following results we only focus in the case of normal mass ordering.
The model predictions are shown in table 7. The neutrino mass matrix in Eq.30 predicts maximal atmospheric mixing angle, θ l 23 = 45 • , and maximal CP violation, δ l = −90 • , within the 3σ region from the latest neutrino oscillation data. This is a consequence of the µτ -R symmetric form of the neutrino mass matrix when y, y 1 , y 2 are real while y 3 is imaginary. Furthermore, since we only have 2RH neutrinos, m 1 = 0.
The fit has been performed using the Mixing Parameter Tools (MPT) package [32] . The values of y, y 1 , y 2 and y 3 are shown in Tab. 8. Fit 1 shows a good fit where all of the dimensionless real parameters y are of O(1), however a large range of parameters can give an equally good fit, see for example Fit 2. The VEV ratios |ξ,ṽ i | are not physical degrees of freedom and they are chosen to reproduce the hierarchy between the fermion Yukawa couplings.
